Stability of ecological system measures the tendency of a community to return to equilibrium after small perturbation 1, 2 , which is severely constrained by the underlying network structure 3, 4 . Despite significant advances in uncovering the relationship between stability and network structure 1, 2, [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] , little attention has been paid to the impact of the degree heterogeneity that exists in real ecological networks [17] [18] [19] [20] [21] [22] . Here we show that for networks with mixed interactions of competition and mutualism the degree heterogeneity always destabilizes ecological system. For ecological networks with predator-prey interactions (e.g., food webs) constructed from either simple network models or a realistic food web model (cascade model) high heterogeneity is always destabilizing, yet moderate heterogeneity is stabilizing. Surprisingly, for ecological networks generated from the niche model 23 , degree heterogeneity is always destabilizing. These findings deepen our understanding of the stability of real ecological systems and may also have implications in studying the stability of more general complex dynamical systems 24 .
Surprisingly, for ecological networks generated from the niche model 23 , degree heterogeneity is always destabilizing. These findings deepen our understanding of the stability of real ecological systems and may also have implications in studying the stability of more general complex dynamical systems 24 .
Understanding the intricate relationship between the structure and dynamics of complex ecological systems has been one of the key issues in ecology. Equilibrium stability of ecological systems, a measure that considers an ecological system stable if it returns to its equilibrium after a small perturbation, has been studied for more than four decades 7 . Empirical observations suggest that communities with more species are more stable, i.e., a positive diversity-stability relationship [25] [26] [27] .
Yet, these intuitive ideas were challenged by the pioneer work of May 1, 2 , who rigorously proved a negative diversity-stability relationship using linear stability analysis on randomly constructed ecological communities. This launched the "diversity-stability debate" 7 .
In his pioneer work 1, 2 , May considered community matrices M of size S ×S, where S is the number of species, the off-diagonal elements M ij ≡ ∂f i (x) ∂x j | x * captures the impact that species j has on species i around a feasible equilibrium point x * of an unspecified dynamical systemẋ(t) = f (x(t))
describing the time-dependent abundance x(t) of the S species. Since empirical parameterization of the exact functional form of f (x(t)) is extremely difficult for complex ecological system, May considered M ij 's are randomly drawn from a distribution with mean 0 and variance σ 2 with probability C and are 0 otherwise. Hence σ represents the characteristic interaction strength and C is the ratio between actual and potential interactions in the ecological system. For simplicity, the diago-nal elements are chosen to be the same, −1, representing the intrinsic damping time scale of each species so that if disturbed from equilibrium it would return with such a damping time by itself.
May found that for random interactions drawn from a Gaussian distribution N (0, σ 2 ), a randomly assembled system is stable (i.e., all the eigenvalues of the community matrix M have negative real parts) if the so-called 'complexity' measure σ √ CS < 1. This implies that more complexity (i.e., larger CS) tend to destabilize community dynamics 1, 2 .
May's result continues to be influential almost four decades later is not because that complex ecological systems have to be unstable, but because real ecological system must have some specific structures that allow them to be stable despite their complexity 4 . In other words, nature must adopt some devious and delicate strategies to cope with this diversity-stability paradox. One of such specificity is the existence of well-defined interspecific relationships observed in nature, e.g., predator-prey, competition, and mutualism. Recently Allesina and Tang refined May's result and provided analytic stability criteria for all these interspecific interaction types 15 . They found remarkable differences between predator-prey interactions, which are stabilizing, and mutualistic and competitive interactions, which are destabilizing. Many of the "devious strategies" adopted by nature can now be tested with the revised stability criteria as a reference point.
Yet, the above results rely on a key assumption that the underlying network structure is completely random. Indeed, the construction of the community matrix M follows almost exactly the same procedure as the classical Erdös-Rényi random graph 28, 29 . However, just like many other real-world complex systems, the underlying networks of ecological systems are far from random.
3 Instead, they often display non-trivial topological features, e.g., degree heterogeneity (representing the spread between the less and the more connected nodes) [17] [18] [19] [20] [21] [22] , nestedness (the level of sharing of interaction partners among species) 30 , and modularity (the degree of compartmentalization of the networks) 31, 32 . It has been recently shown that the network architecture favoring stability fundamentally differs between trophic and mutualistic networks 13 . For example, a highly connected and nested architecture promotes community stability in mutualistic networks, whereas the stability of trophic networks is enhanced in modular and weakly connected architectures.
Despite of these remarkable results, we still lack a comprehensive understanding of the relationship between network structure and stability of complex ecological systems. One fundamental issue is the impact of degree heterogeneity on the stability of ecological systems. Typically the degree heterogeneity can be described by ξ ≡ k 2 / k 2 , where k = 1/S S i=1 k i is the mean degree of the network, k i is the degree of species i (i.e., the total number of incoming and outgoing connections species i has), and
is the second moment of the node degree distribution. Note that ξ ≥ 1 and the higher the degree heterogeneity the larger the value of ξ. From the advances towards understanding complex networks accumulated in the last decade, we know that degree heterogeneity fundamentally affects many network properties and dynamical processes, from error and attack tolerance 33, 34 , spectra 35, 36 , epidemic spreading 37 , interdependent fragility 38 , to structural controllability 39 . It is fair to expect that degree heterogeneity would affect stability of complex ecological systems as well.
To approach this issue in a systematic fashion, we follow May's model-independent framework 1, 15 , helping us avoid parameterizing the exact dynamics of complex ecological systems which is extremely difficult. For an ecological system with random interactions, we generate its underlying directed ecological network first, using three different network models (see SI Sec. 1):
multi-modal 40 , Erdös-Rényi 28, 29 , and scale-free 41, 42 , at given mean degree k . (The effective connection probability C = k /(2(S − 1)).) Then we construct the community matrix M as follows: (1) We set all the diagonal elements M ii = −d; (2) Whenever there is a link from species j to species i the off-diagonal element M ij is drawn from a normal distribution N (0, σ 2 ). We show that the real part of the most positive eigenvalue of the community matrix M is given by
, where ξ is the degree heterogeneity as defined above. Re(λ m ) has to be negative to ensure the equilibrium stability, yielding the stability criterion σ ξ(S − 1)C < d. Apparently, any factor that increases (or decreases) Re(λ m ) will destabilize (or stabilizes) the ecological system, respectively. Increasing ξ will certainly destabilize the ecological system. Note that for random k-regular networks, where the degrees of all nodes are k, ξ = 1, recovering May's classical result 1 . Fig. 1a shows the impact of degree heterogeneity on the stability of ecological systems with random interactions. The underlying ecological networks are constructed from different network models at given mean degree k . We find that when the complexity (S − 1)C is fixed, Re(λ m ) increases monotonically as the degree heterogeneity ξ increases, implying that larger ξ is always destabilizing an ecological system with random interactions, consistent with our analytical predic-
. This result can be further illustrated by the distribution of eigenvalues. We find that with increasing ξ, the radius of the cycle encompassing the eigenvalues 5 becomes larger, hence Re(λ m ) increases, destabilizing the ecological system. Interestingly, we also find that as ξ increases the distribution of the eigenvalues becomes more non-uniform with very high density of eigenvalues around the center of the circle (see Figs. 1b-d ).
For ecological systems with predator-prey interactions, i.e., whenever M i,j > 0 then M j,i < 0, we generate the underlying directed network using five different models (see SI Sec. 1): multi-modal, Erdös-Rényi, scale-free, cascade 43, 44 , and niche model 23 , at given mean degree k . When there is a directed edge from species i to j we draw the off-diagonal element M ij from an half-normal
We still set all the diagonal elements M ii = −d. We find that large degree heterogeneity hampers the stability of predator-prey ecological systems constructed from all the network models. Surprisingly, for predator-prey ecological systems constructed from the multi-modal (Fig. 2a) , Erdös-Rényi and scale-free (Fig. 2b) , and cascade ( Fig. 2c) model networks, moderate heterogeneity is stabilizing.
This non-monotonic behavior can be further illustrated by the distribution of eigenvalues of the community matrix M . We find that as the degree heterogeneity ξ increases, not only the eigenvalue distribution becomes non-uniform but also the shape of the boundary that containing all eigenvalues changes from ellipse to bow-tie (Fig. 2e ). This change of the boundary shape induces the non-monotonic behavior of Re(λ m ) as we vary ξ. The niche model is the only exception for which the degree heterogeneity is always destabilizing (Fig. 2d) . The eigenvalue distributions of niche model networks are shown in Fig. 2f . We do not see drastic shape change of the boundary encompassing all eigenvalues.
For ecological systems with a mixture of competitive and mutualistic interactions, we can construct the community matrix M following very similar approach as the case of predator-prey interactions but constraining M ij and M ji to have the same sign. We find that for both multi-modal (Fig. 3a) ,
Erdös-Rényi and scale-free (Fig. 3b ) model networks the Re(λ max ) increases monotonically as we increase ξ, implying that the degree heterogeneity is always destabilizing the ecological sys-
tem. This is further demonstrated by the distribution of eigenvalues of the community matrix M (Fig. 3c) . Similar as in the predator-prey ecological systems, we find that as the degree heterogeneity ξ increases, not only the eigenvalue distribution becomes non-uniform but also the shape of the boundary that containing all eigenvalues changes from ellipse to bow-tie (Fig. 3c) . Despite the change of the eigenvalue distribution, the real parts of the eigenvalues always expand as we increase ξ. This explains the monotonic impact of degree heterogeneity on the stability of ecological systems with a mixture of competitive and mutualistic interactions. Note that for symmetric networks with only mutualistic interactions the degree heterogeneity is also destabilizing 45 .
In summary, with extensive numerical and analytical calculations, we find that for ecological networks with random interspecific interactions or a mixture of competitive and mutualistic interactions, the degree heterogeneity always destabilizes the ecological system. For ecological networks with predator-prey interactions (e.g., food webs) constructed from simple network models and a realistic food web model (cascade model), we find that high enough degree heterogeneity is destabilizing, yet moderate heterogeneity is stabilizing. In other words, there is an optimal degree heterogeneity for predator-prey networks generated from those models, where the ecological system is most stable. Interestingly, ecological networks generated from niche model do not have 7 such beneficial effect of degree heterogeneity at all.
The structure of ecological networks has been recognized as one key ingredient contributing to the coexistence between high complexity and stability in real ecological systems 4, 7, 8, 46 . Our results demonstrate that, depending on the type of interactions, degree heterogeneity of ecological networks has drastically different impact on the community stability. This implies that strong variations in the stability of architectural patterns constrain ecological networks toward different architectures, consistent with previous results 13, 15 . Though the presented results do not solve the notorious diversity-stability paradox, they do offer new opportunities to explore how nature subverts these theoretical predictions and produces diverse, stable ecological systems. Moreover, since we use the model independent framework and linear stability analysis, the findings are not limited to ecological networks, but instead hold for any system of differential equations resting at an equilibrium point. For example, the existence of optimal degree heterogeneity for prey-predator networks could have implications beyond ecological systems. The ubiquity of consumer-resource relationships in nature could be due to their intrinsic dynamical properties.
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